SERRE FIBRATIONS IN THE MORITA CATEGORY OF 
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Abstract. In this paper, we generalize the notion of Serre fibration to the 
Morita category of topological groupoids and derive the associated long exact 
sequence of homotopy groups. We use this results for calculation of homotopy 
groups of various groupoids, such as the foliation groupoid of a Riemannian 
foliation. 



1. Introduction 

Topological groupoids are objects that we can use to represent singular geomet- 
ric structures. For example, the leaf space of a foliation may not contain much 
information about the foliation, but it is well represented by the associated holo- 
nomy groupoid [12]. By reducing this groupoid to a complete transversal of the 
foliation, we obtain a different groupoid which represents the foliation as well as 
the holonomy groupoid and is Morita equivalent to the holonomy groupoid. Morita 
equivalence is a relation between topological groupoids, generated by the functors 
between topological groupoids which are called weak equivalences. Such functors 
are, in particular, equivalences of categories and induce homeomorphisms between 
the spaces of orbits of the topological groupoids JTJ [T21 E5] . There is the Morita 
category of topological groupoids in which two topological groupoids are isomor- 
phic precisely if they are Morita equivalent. The morphisms in this category can 
be represented by principal bundles. 

It is essential to have a way of distinguishing topological groupoids that are 
not Morita equivalent. There are some interesting classes of topological groupoids 
that are closed under Morita equivalence, such as proper groupoids and foliation 
groupoids [12] ■ A classical way to construct invariants of topological groupoids 
is based on the classifying space associated to a topological groupoid, which is 
determined uniquely up to homotopy equivalence. There are basically two standard 
constructions of this space, the Milnor's infinite join construction and geometric 
realization of the nerve of topological groupoid [U [21 SI [HI EH EQ ED E3- O ne 
can show that a weak equivalence between topological groupoids induces a weak 
homotopy equivalence between the associated classifying spaces. We can therefore 
study the homotopy invariants of the classifying space as the Morita invariants of 
the topological groupoid. With this approach, some very interesting results can be 
obtained. For example, the Haefliger theorem tells us that classifying space of the 
holonomy groupoid of a foliation on a manifold M is homotopy equivalent to M if 
and only if the holonomy cover of every leaf of the foliation is contractible [5] . In 
general, however, the classifying space of a topological groupoid is a complicated 
space and can be difficult to understand and use. Furthermore, it can be deprived of 
some additional geometric structure which is present on the level of groupoids, such 
as the smooth structure of the holonomy groupoid. An alternative approach is to 
define Morita invariants of topological groupoids in a manner that does not directly 
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rely on the classifying space. For example, one can describe the fundamental group 
of an etale groupoid Sf in terms of Sf-paths [IB] or the fundamental group of an 
orbifold Q in terms of deck transformations of the universal cover of Q [18] (for 
higher homotopy groups of orbifolds, see also [2]). 

In this paper we study the homotopy groups of topological groupoids and their 
description which is intrinsic in the Morita category and does not involve the clas- 
sifying space. To achieve this, we first generalize the Morita category of topological 
groupoids to the Morita category of pairs of topological groupoids. In this cate- 
gory the n-th homotopy group 7r n (Sf, ao) of a topological groupoid £f with base 
point ao can be described as the set of homotopy classes of Morita maps from the 
pair (I n , dl n ) to the pointed topological groupoid (Sf, ao), with natural multiplica- 
tion induced by concatenation |16j . We show that this group is isomorphic to the 
n-th homotopy group of the associated classifying space. With our definition, is 
straightforward that 7r„ is a functor, defined on the Morita category of topological 
groupoids and therefore a Morita invariant. 

One of our objectives is to develop some methods for efficient calculation of 
homotopy groups of topological groupoids. We show that for every Morita map P 
between pointed topological groupoids (Jf ,&o) and (Sf,ao) there is a natural long 
exact sequence of groups 

... -> S„(P) -> n n (Jif,b ) H P) n n (&,a ) -> £„_i(P) -> ... 

for some groups £ n (P) depending on P which we describe explicitly in terms of 
principal bundles. Furthermore, we generalize the notion of Serre fibration to the 
Morita category of topological groupoids (we emphasize that this definition is in- 
trinsic in the Morita bicategory of topological groupoids). We show that for a 
Morita map P that is a Serre fibration, one can identify the groups £„(P) with 
the homotopy groups of some topological groupoid, which is naturally associated 
to the Morita map P and can be viewed as some sort of a fiber of P. 

In the rest of the paper we apply these results to many concrete examples. We 
consider a class of so called Serre groupoids (which have the property that their 
source map is a Serre fibration in the classical sense) and show that the calculation 
of homotopy groups of such groupoids is especially simple. Examples of Serre 
groupoids are action groupoids and holonomy groupoids of some foliations. 

It will turn out that there are many functors between topological groupoids that 
are Serre fibrations as Morita maps. For instance, the functor from the holonomy 
groupoid of the foliation of transverse principal bundle to the holonomy groupoid of 
the foliation of the base space is a Serre fibration. This turns out to be useful in the 
calculation of homotopy groups of the holonomy groupoid of Riemannian foliation 
on a compact manifold. Another important example of a Serre fibration is the 
effect functor Eff from a proper etale groupoid £f to the associated proper effective 
etale groupoid Eff(Sf). We will prove that the functor Eff induces an isomorphism 
on the n-th homotopy group for n > 3, whereas the relation between the first and 
the second homotopy groups of 5f and Eff(^) is expressed in terms of an exact 
sequence. 

2. Topological groupoids and principal bundles 

In this section we first recall some definitions and facts of the theory of topo- 
logical groupoids and principal bundles. We introduce the Morita category of pairs 
of topological groupoids and give the definition of homotopy groups of topological 
groupoids in terms of Morita maps. 

Throughout this notes, we will say that a (continuous) map / : X — > Y between 
topological spaces has local sections if for any point y £ Y there exists a map 
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a : V —> X, defined on an open neighbourhood V of y in Y, such that f o a = idy . 
It is important to note that any map with local sections is a quotient map. More 
generally, a map of topological pairs / : (X, A) — > (Y, B) has local sections if for 
any point y € Y there exists a map of topological pairs a : (V, V fl B) — > (X, A), 
defined on an open neighbourhood V of y in Y, such that / o a = idy. 

Topological groupoid. A groupoid Sf is a small category such that every arrow in 
if is invertible. A topological groupoid is a groupoid §f such that its space of arrows 
ifi and its space of objects ifo are both topological spaces and all of the structure 
maps of if are continuous. Note that, in particular, the source map s : ifi — ► % 
and the target map t : ifi — > ifo both have local sections - in fact, they both have 
a global section uni :if — > ifi, which maps an object x of ^ to the unit arrow l x 
at x. A topological groupoid if is often denoted also by (ifi =$if ). 

First examples of topological groupoids are topological spaces: any topological 
space X can be viewed as a (unit) topological groupoid (X z4 X). Any topological 
group G is a topological groupoid with only one object, thus (G =4 *)■ The product 
of topological groupoids 'S and 3%" is the topological groupoid ((ifi x J4?i) =X (ifo x 

■as)). 

Groupoid action. Let be a topological groupoid and X a topological space. A 
right ^-action on X along a map e : X — > ifo is a map \i : X x^ ifi — > X (we write 
/J,{x,g) = xg), defined on the pullback X x<$ ifi — {(x,g)\e(x) = t(g)}, such that 

(i) e(xg) = s(g), 

(ii) a;l e r x ) = x, and 

(iii) {xg)g' = x{gg') for any x <E X, g,g' e ifi with e(x) = t(g) and s(g) = t(g'). 

The space of orbits of such an action is denoted by Xjif . For such an action /x 
we have the associated translation groupoid X x if = {X x& ifi =$ X), for which 
the source map is /i and the target map is the first projection. The multiplication 
X x if is determined by (x,g)(x',g') — (x,gg r ). 

Analogously, one defines a left action of a topological groupoid Jf? on X and the 
associated translation groupoid k X. 

Principal bundle. Let if and Jf? be topological groupoids. A ^-principal bundle 
over Jf? is a space P, equipped with a left ^f-action along a map ir : P — > Mo and 
a right if -action along a map e : P — J> % such that 

(i) the map ir : P — > Mq has local sections, 

(ii) for every p £ P and g £ ifi with e(p) = t{g) we have ir{pg) = 7r(f>), 

(iii) for every p € P and ft G J^i with s(/i) = 7r(p) we have e(hp) = e(p), 

(iv) the actions of Jt? and if on P commute with each other, i.e. ft(pg) = (hp)g 
for every ft, e Jfi, p € P and g £ ifi with s(/i) = 7r(p) and e(p) = £(<?), and 

(v) the map /i : P x^ ifi^P Xj%> P, (x,g) n- (x,xg), is a homeomorphism. 

Any principal Sf-bundle over Jt? induces a map i? : P x ^ P — >■ Sfi , called the 
translation map, uniquely determined with the property that p' = pd{p,p'). Also 
note that the space 3%o is homeomorphic to the orbit space P/if, because the map 
7r has local sections and is therefore quotient map. 

We will say that a principal Sf-bundlc P over Jff is numerable, if the map 
7r : P — > J#o has sections over a numerable covering of J4?o- Recall from [3J [5] 
that a covering of a topological space is numerable if it is a open covering with 
subordinated locally finite partition of unity. 

Let P and P' be principal Sf-bundles over ,3V . A map (p : P — > P' is a morphism 
of principal ^-bundles over Jf? if e = e' o tp, tt = it' o ip and y> is Jf-if-eqai variant, 
namely ip(hpg) — hip(p)g for every ft <E J%i, p € P and g £ ifi with s(ft) = 7r(p) and 
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e(p) = t(g). Any morphism of principal ^-bundles over Jt? is a homeomorphism 
(thus an isomorphism) [T31 p. 165]. 

For a principal Sf-bundle P over Jif and a principal J^-bundle Q over there 
is a well defined tensor product Q ® P — Q P which is a principal Sf-bundle 
over J€ . The space Q (g> P is the space of orbits of the diagonal J^-action on the 
fibered product Qx^jP [T31 [H] . The Morita category 

GPD 

of topological groupoids is the category with topological groupoids as objects and 
isomorphism classes of principal bundles as morphisms, and with composition in- 
duced by the tensor product. (Considering the principal bundles, rather than their 
isomorphism classes, as 1-morphisms, and morphisms of principal bundles as 2- 
morphisms, one obtains the Morita bicategory of topological groupoids.) The cat- 
egory of topological spaces can be regarded as a full subcategory of the Morita 
category GPD in the obvious way. 

Pairs of topological groupoids. A pair of topological groupoids is a pair (£f,Sf') 
such that Sf is a topological groupoid and Sf ' a subgroupoid of Sf. Let (Jif , Jd") 
and be pairs of topological groupoids. A principal (Sf, Sf')-bundle over 

(J$?, M") is a pair of topological spaces (P, P') such that P is a principal ^-bundle 
over 34?, P' is a principal ^'-bundle over 3tf" with respect to the structure given 
by the restriction of the structure of P to P 1 C P and the map of topological pairs 
7r : (P, P') — > (J#a, 3#q) has local sections. 

We will say that the principal (Sf , £f')-bundle (P, P') over (Jf?, J#") is numerable 
if the map k : (P, P') — > (J%a, J#q) has sections (as maps of topological pairs) over 
a numerable covering. 

A morphism 4> from a principal , -bundle (P, P') over (J^, Jt?') to a prin- 
cipal (£f, 5f')-bundle (P, P') over (Jf, is a morphism </> : P — > P of principal 
^-bundles over such that </>(P') C P'. 

Let (P, P') be a principal (Sf, ^')-bundle over (^f , Jf?') and (Q 7 Q r ) a principal 
(Jf , Jf')-bundle over (JT, Jf'). Then the tensor product (Q, Q') ® (P, P') = (Q ® 
P, Q' ® P') is a principal (Sf , ^')-bundle over {Jt, J(f') (note that we can naturally 
identify Q' <g> P' with a subset of Q ® P). 

The Morita category 

GPD 2 

of pairs of topological groupoids is the category with pairs of topological groupoids 
as objects and isomorphism classes of principal bundles as morphisms, and with 
composition induced by the tensor product. The category of pairs of topological 
spaces can be regarded as a full subcategory of the Morita category GPD 2 . 

Pointed and marked topological groupoids. Let & be a topological groupoid 
and A a subset of We can view the set A as a unit subgroupoid of Sf , namely the 
subgroupoid A = uni(A) C Sf. In this view, the pair (^, A) is a pair of topological 
groupoids, called a marked topological groupoid. If A is a singleton set {ao}, then 
the marked topological groupoid (£f, {ao}) is denoted simply by (Sf , ao) and called a 
pointed topological groupoid. If (P, P') is a principal (^, A)-bundle over (Jtf, Jff"), 
then we will rather see P' as a section a of 7r : P — > J% over J^j, and write 
(P,P') = (P,a). 

The full subcategory of GPD 2 , consisting of all marked topological groupoids, is 
the Morita category of marked topological groupoids and denoted by 
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The full subcategory of GPD n , consisting of all pointed topological groupoids, is 
the Morita category of pointed topological groupoids and denoted by 

GPD . 

The category of pairs of topological spaces is a full subcategory of the Morita cat- 
egory GPD n , while the category of pointed topological spaces is a full subcategory 
of the Morita category GPD . 

Morita equivalence. A functor : (J^f, bo) — > (@, do) between pointed groupoids 
gives us an associated principal (Sf, ao)-bundle ((0) , (&o, la )) over O^i&o): gi ven 
as the pullback 

(0) =/ x^! = {(y, g)\4>{y) = t(g)} . 

The space (cf>) has a right ^-action along the map s o pr 2 : (<f>) — ) % and a left 
J^-action along the map : ((f>) — > given in the obvious way. The functor <j> 
is a weak equivalence if the map s opr2 : (<p) — > is a map with local sections and 
the diagram 



(s,i) (s,t) 

Sf x M>o — -» % x % 

is a pullback of topological spaces. The functor is a weak equivalence if and only 
if the isomorphism class of the bundle (4>) is invertible in GPD |16j . In this case, 
the principal (Sf, ao)-bundle ((0) , (bo, la )) over («^>&o) is an isomorphism in the 
Morita category of pointed topological groupoids GPD . 

In general, an isomorphism class of a principal (Sf, ao)-bundle over (Jf, bo) is 
called Morita equivalence if it is an isomorphism in GPD . 

Homotopy. We say that two principal Sf-bundles P and Q over ffl are homotopic, 
if there exists a principal Sf-bundle E over 3lf x I such that P is isomorphic to the 
restriction F|jsrx{o} an d Q is isomorphic to the restriction E\j^ x riy. (The restric- 
tion E\jf X {o} of F to the subgroupoid x {0} of J^ 5 x 7, naturally isomorphic to 
Jf?, is defined in the obvious way.) 

More generally, two principal (Sf , ^')- bundles p ') and (Q'j Q') over <^°') 
are homotopic, if there exists a principal ^')-bundle (E, E') over (Jf? x /, Jf' x 
I), such that (P,P') is isomorphic to the restriction (E\^ x ^ }, -E'|j>f'x{o}) an d 
(Q,Q') is isomorphic to the restriction (^|jrx{i}i -^'Ij^'x-Ti})- 

Proposition 2.1. Homotopy is an equivalence relation on the set of principal 
(<$ \y')-bundles over (Jf, Jtf"). 

Proof. To prove that the relation is transitive, let (E,E') be a principal 
bundle over (Jf x/,Jfxf), (F, F') a principal (ST, Sf')- b imdle over x I, JT' x 
I) and (P,P') a principal , ^')-bundle over (^f, M") which is isomorphic to 
both (-EU>x{i},#'U"x{i}) a nd (F|^ x{0} , F'|,^ x{0} ). We cannot directly glue the 
bundles (E, E') and (F, F') together along the isomorphism between the restrictions 
(F|jrx{i},£'|jsr'x{i}) an d (F\^ x {o},F'\^, x{0} ) because the resulting bundle may 
not have local sections (although for many special classes of topological groupoids, 
this can in fact not happen) . Therefore we proceed in the following way. We use the 
principal ^')-bundlc (P XI,P'x I) over (Jtf xI,Jt'xI), glue this bundle with 
(E,E') along the isomorphism between (E\^ X {\} 1 E'\^, X ^) and (P x {0},P' x 
{0}) and with (F, F') along the isomorphism between (F|^r X {0}> -P"I^T'x{o}) an d 
(P x {1},P' x {!}). After reparametrization, we obtain a principal (Sf, ^')-bundlc 
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over x /, x /) which gives a homotopy between (-E|jr x{o}i -E"|jsr'x{o}) an d 
{F\jf?x{l},F'\M"x{l})- D 

Remark 2.2. Observe that if the homotopies in the proof above are given by 
numerable principal bundles (E,E') and (F,F'), then the resulting concatenated 
homotopy is again numerable. 

Classifying space of a topological groupoid. Let & be a topological groupoid. 
Let us first recall the Milnor infinite join construction of the right ^-space E@, 
that is 

E^ = {(t igi7 t 2 g 2 ,...)\U € [0,1], ffi e&i^U = l,s( 9l ) = s(g 2 ) = •••} 

where only finitely many tj are non-zero and we have a relation that Og = 0g' even 
if g g'. For further details see [H p. 140]. 

The space E<£ is a right Sf-space along the map e : E*i§ — s> 

e(*i5i^232, ■ • ■) = 
with respect to the right ^ action 

{hgi,t 2 g2, ■■■)g = (h(gig), t 2 (g 2 g), ■ • ■) 

for any g £ with = e(tig 1: t 2 g 2l . . .). The classifying space B^ of the groupoid 
^ is the space of orbits if this action, 

B<£ = E<sj<g. 

It is known (see [31 HUB]) that the quotient projection 7r : E<3 — > is the universal 
numerable principal ^-bundle over B& , thus the numerable principal ^-bundles 
over a space B are in bijective correspondence (via pullback) with homotopy classes 
of maps from B to B& . 

We can generalize the notion of the universal numerable principal bundle to pairs 
of topological groupoids. Again, using Milnor's infinite join construction, we get a 
bundle {E^.E^') -» (i?5f, B^'). (The inclusion i : <S' ->■ Sf induces an inclusion 
i : E^S 1 — > E&, so we can view E 1 ^' as a subspace of E^ in a natural way.) We 
also have the induced injective map i : B&' — > B^S . Let us inspect the following 
diagram: 

i(E&') 

i(B&') ► 

The upper map is a homeomorphism and both vertical maps are quotient maps (as 
they have local sections). Therefore, the lower map i{B^') — > B^' is continuous. 
This shows that i : B^' — > B<3 is an embedding, so we can view B^' as a subspace 
of 5Sf. 

Using basically the same arguments as in [51 p. 57] we see that the homotopy 
classes of numerable principal (Sf, Sf')-bundles over topological pair (B,A) are in 
bijective correspondence (via pullback) with the homotopy classes of maps (B, A) —> 
(B<S,B<$'). 

All of the above can be in an obvious way generalized to n-tuples , Sf", . . .) 

of topological groupoids. 

Homotopy groups. Let (Sf, ao) be a pointed topological groupoid and let n 6 N. 
We define 7r„(Sf, ao) to be the set of homotopy classes of principal ao)-bundlcs 
over (I™, dl n ), 

n n (&, a ) = [GPD n ((I n ,dI n ), (Sf , a ))\ . 



SERRE FIBRATIONS IN THE MORITA CATEGORY OF TOPOLOGICAL GROUPOIDS 7 

For 11 > 1, the set 7r„(^, ciq) is in fact a group with respect to the multiplica- 
tion given by the concatenation. Indeed, if (P, er) and (P',<t') are two principal 
(?f, ao) -bundles over (I n ,dl n ), there is an uniquely determined isomorphism h be- 
tween the restrictions Pljijx/™- 1 an d P'liojxi™- 1 which respects the sections a and 
a'. We glue the bundles P and P' along the isomorphism h to obtain a principal 
(^, ao)-bundle over (J", 9/™), after reparametrization of the base space. With this 
concatenation operation the set 7r„(^,ao) becomes a group, called the n-th homo- 
topy group of the pointed topological groupoid (Sf,ao). Sometimes (for example, 
when the base point is clear from the context) we write simply 7r„(Sf,ao) = ir n (@). 

Homotopy groups of pointed topological groupoids are generalizations of the 
classical homotopy groups of topological spaces, since clearly we have ir n (X, x ) = 
ir n (X =4 X, xq). In the same way as for homotopy groups of topological spaces, 
one can see that the homotopy groups of pointed topological groupoids 7r„(Sf, do) 
are abelian for n > 2. 

Any principal (^, ao)-bundle (P,po) over (Ji?, bo) induces a homomorphism (via 
composition) 7r„(P,po) : Tro(«^°> &o) — > 7T n (§f,ao). Furthermore, this defines func- 
tors 

7T : GPD — > Sets 
7Ti : GPD — » Grp 

and 

7T„ : GPD -> Ab 

for n > 2, where Sets , Grp and Ab stand for the category of pointed sets, groups and 
abelian groups respectively. By definition, all this functors are Morita invariants. 
By the abuse of notation, we often write 7r ra (P, po) = n n (P). 
One can easily check that the following theorem holds: 

Theorem 2.3. Let (P,po) and (Q,qo) be homotopic principal (Sf , <zrj) -bundles over 
(Jff, bo). Then (P,po) and (Q, go) induce the same homomorphism from TT n (Ji?, bo) 
to 7r„(Sf,a ). 

Example 2.4. (1) Let Pair(X) = (X x X — > X) be the pair groupoid over a 
pointed topological space (X,xq), in which the source and the target maps are the 
projections. This groupoid is weakly equivalent to the space with only one point 
Xo, which means that 7r„(Pair(M)) = for any n. 

(2) Let p : N —> M be a surjective submersion and N Xjy,/ N =4 N the associated 
groupoid. Then the natural functor $ from N x m N =4 N to M =4 M is a Morita 
equivalence, which follows from p. 12 8] and the fact that the map ($) — > M has 
local sections. This gives us isomorphisms 

ir n (N x M N =4 N,n ) = n n (M =4 M,p(n )) S ir n (M,p(n )) 

for any n € N. 

Base point change. Let S? be a topological groupoid and suppose that do, a\ G % 
are connected by a path in Then, using identical argument as in the case of 
homotopy groups of topological spaces, we get an isomorphism between 7r n (£f , do) 
and 7r„(Sf, ai). 

Now suppose that there is an arrow from a\ G Sfo to do G 5^- Then the 

principal (Sf , ao)-bundle (@i,g) over (Sf, oi) (with tt = t : Sfi — > % an d e = s : — > 
&o) is a Morita equivalence, so it induces an isomorphism between 7r n (G, do) and 
7r„(G,ai). 

It follows that if the topological groupoid Sf is ^-connected (i.e. for every a ,ai G 
% there is a ^"-path from a to ai, see [THl p. 28]), then the groups n n (^,ao) and 
7r„(^,ai) are isomorphic. 
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Homotopy groups of the classifying space. From the classification of prin- 
cipal bundles we see that the homotopy groups 7r n (^,ao) of a pointed topological 
groupoid (^,ao) are isomorphic to the homotopy groups of the classifying space 
B&. 

Totally numerable principal bundles We recall from [3] the definition of a halo. 
Let X be a topological space. A halo over a subset B C X is a subset U C X such 
that B C U and there is a function r : X — > [0, 1] with t\b = 1 and supp(r) C U. 

Let A) and (Jf , 5) be marked topological groupoids and (P, a) a numerable 
principal (Sf , A)-bundle over (Jff, B). The bundle (P, <r) is totally numerable if the 
section <r : B — >• P can be extended to a halo around P. 

We observe that any principal (Jf, a )-bundlc (P, <r) over {I n 1 dl n ) is homotopic 
to a totally numerable principal (^, ao)-bundle over (I n ,dl n ). Indeed, to see this, 
choose a relative homotopy H t : (J™ x /, 9/" x J) — > (I n , dl n ) from the identity to 
a map which retracts an open neighbourhood of dl n in J" to 9/™. When we take 
the pullback of (P, <r) along the map H, we get a homotopy between the bundle 
(P, cr) and a totally numerable principal (^, ao)-bundle over (I n ,dl n ). 

We can in fact generalize the above statement about totally numerable bundles. 
Let P be a principal Sf-bundle over I n and a : dl n — > P a section over dl n such 
that e(cr(6)) = ao for every b £ dl n . The pair (P, a) may not be a principal (Sf, ao)- 
bundle over (I n ,dl n ) according to our definition, because we the section a may 
not have local extensions. However, by using the same argument and homotopy 
H as above, we can see that such a bundle P with a section a is homotopic, 
via a homotopy with a suitable section, to a totally numerable principal (^,ao)- 
bundlc over (I n ,dl n ). Similarly, any homotopy between principal Sf- bundles over 
J" with sections over dl n , equipped with a suitable section over dl n x /, can be 
transformed into a homotopy that is itself a numerable principal (Sf, ao)-bundle 
over (J n x /, dl n x /). It follows that the elements of the group 7r n (^, ao) can be 
viewed as the homotopy classes of principal ^"-bundles P over I n , equipped with a 
section a : dl n — > P with e(a(b)) — ao for any b € dl n . 

3. Serre fibrations 

In Section f5| we described some basic properties of homotopy groups of pointed 
topological groupoids. In this section, we first show that any Morita map P between 
pointed topological groupoids induces a long exact sequence that links the homotopy 
groups of the pointed topological groupoids and certain groups E Tl (P), which we 
describe explicitly and play the role of homotopy groups of "the homotopy fiber" 
of the Morita map P. Furthermore, we define what it means for a Morita map 
from groupoid Jf to to be a Serre hbration. We show that if a Morita map P 
between pointed topological groupoids (Jt°, b ) and (Sf , ao) is a Serre hbration, then 
the groups £„(P) can be identihed as the homotopy groups of a pointed topological 
groupoid, namely the Gber of P. 

We know that for an ordinary map between topological spaces, one has the 
homotopy fiber of that map. Using this homotopy fiber, one can show that every 
map between topological spaces fits into a long exact sequence of homotopy groups 
(see p.407]). 

We will now give a similar construction for principal (^, ao)-bundle (P,po) over 
(Jf? , b Q ), where (£f,ao) and (Jif ,bo) are given pointed topological groupoids. Write 
L n+1 C dl n+1 for the face of I n+1 determined by the equation t n+ i = 1, where 
t n+ i denotes the last coordinate on I n+1 = [0, C K n+1 . Denote by J n+1 the 
union of all the remaining faces of I n+1 , this J n+1 is the closure of dl n+1 \ L n+1 
in I n+1 . 
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Let S n (P) be the set of all triples (a,/3,h), where a is a principal (Jt?,bo)- 
bundle over (7", dl n ), (3 is a principal ao)-bundle over (7 n+1 , J" +1 ) and h is an 
isomorphism from a <g> P to (3\ Ln +i. Note that here we identified 7" +1 with J™ in 
the canonical way, and that the sections are implicit in the definition: for instance, 
the bundle a is actually a bundle (a,p), where p is a section over 97" and h is an 
isomorphism that preserves the sections. 

An isomorphism between triples (a, /3, h), (a', /?', /&') £ S n (P) is a pair of isomor- 
phisms q : a — > a' , Q : (3 — > f3' such that the diagram 

<?<S>id 

a ® P > a' ®P 

ti 

commutes. We say that the triples (a,f3,h) and (a',j3',h') are homotopic if there 
is a triple (A, B, H), where A is a principal (Jf?, &o)-bundle over (7" x I, 97" x 7), 
B is principal (?f , ao)-bundle over (I n+1 x 7, J" +1 x 7 and H is an isomorphism 
from A ® P to S|l«+i x / such that 

(^4|(/"x{o},9/' i x{o}) I -B|(/™x{o},a/"x{o}), -ff|(/"x{o},a/"x{o})) 
is isomorphic to (a, /3, h) and 

(^|(7»x{i},a/»x{i}))-B f |(j'»x{i},a7»x{i}))-H'|(7»x{i},flj''x{i})) 
is isomorphic to (a' , /?' , h'). Using similar arguments as in the proof of Proposi- 
tion [5H] we see that this gives us an equivalence relation on the set S n (P). We 
denote the set of homotopy classes of triples in S n (P) by 

S„(P). 

Concatenation of triples is defined in the same manner as for the homotopy classes 
of principal ao)-bundles over (J", dl n ) and induces a group structure on T, n (P). 

Notice that, similarly to the case of homotopy groups, every triple (a, /3, h) in 
S n (P) is homotopic to a numerable triple, that is, to a triple (a', /?', h') such that a' 
and (3' are numerable principal bundles. Furthermore, as in the case of homotopy 
groups, we can safely ignore the condition on local extendability of sections over 
dP l , respectively J n+1 . 

Theorem 3.1. Let (P,po) be a principal (Sf,ao) -bundle over (J^f,bo). Then there 
is a natural long exact sequence 

... -> E n (P) -> 7r„(Jf ,6 ) H P) 7r„(Sf, ao ) -> S n _x(P) -> 7r n _i(^,6o) ->• • • • 

Proof. Let 3^(P) denote the set of triples (a,f3,h), where a is principal (Jf?,bo)- 
bundlc over (7™, 97"), /? is principal (Sf, ao)-bundle over (7™ x 7,97" x 7) and /i is 
an isomorphism h : a® P —> (3\ Ln +i. As in the case of S n (P), we have homotopics 
of such triples. We denote the set of homotopy classes of triples in Y n (P) by T n (P). 
Concatenation of triples in Y n (P) induces a group structure on T n (P). 

Let us first check that there is an isomorphism ip : T„(P) — > Tr n (Jf, bo) given by 
(p(a, (3, h) — a. Indeed, for the inverse we take (p^ 1 (a) = (a, (a®P)x 7, id), where 
(a <g> P) x 7 denotes the pullback of a ® P along the projection (7" x 7, 97" x 7) — > 
(7™, 97"). Both maps are well defined (on the homotopy classes of triples) and the 
composition <p o ip^ 1 is clearly the identity. We have to check the surjectivity of 
tp^ 1 oip is also the identity. To see this, we need to show that the triples (a, (3, h) and 
(a, a ® P X 7, id) are homotopic in Y n (P). Indeed, first we have the isomorphism 
(id a ,h x id) from (a, a <g) P x 7, id) to (a, /3|/,»+i x 7, ft.), and from here we have 
the homotopy to (a, (3, h) of the form (a X 7, B, h X 7), where 7? is the pullback of 
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j3 along the map J™ x / -)■ I", ((ii, . . . ,i„_i,t„),i) ^ (ii, . . . (1 - i)i„ + t), 

and ft x 7 denotes the isomorphism induced by ft on the corresponding pullback. 
Now we have to check that the sequence 

...-»■ £„(P) -> T„(P) -»■ 7r„(^,a ) ->• S n _i(P) -> T„_i(P) -> . . . 

is exact. The map £„(P) — >• T„(P) is induced by the inclusion S n {P) — > 5^(P) 
(which restricts the implicit sections). The map T„(P) — > 7r n (Sf,a ) maps (the 
homotopy class of) (a,/3,h) to /3|/n x {o}- The map 7T n (£f,ao) — > £ n _i(P) maps (3 
to A(/3) = (60, P, 1), where 1 is the uniquely determined isomorphism of bundles bo 
(a bundle with global section) and /3|x,n that maps the global section of b n to the 
global section of /3|l™- 

(i) Exactness at T„(P): The composition £ n (P) — > T„(P) — > 7r„(^, ao) is zero, 
since the bundle /3|/« x {o} is trivial (Sf, ao) -bundle. On the other hand, if the image 
of the triple (a, /3, ft), which equals /3|/" X {o}j is homotopic to the trivial (S?,ao)- 
bundlc, than we just concatenate this homotopy with (3 to obtain a triple in S„(P) 
which maps to (a, /3, ft). 

(ii) Exactness at 7r n (^, ao): The composition T„(P) — > n n (^, ao) — ► S„_i(P) is 
zero because (a, /?, ft) e T„(P) can be viewed, after deformation of the base space, 
as a homotopy from A(/3|j^ x {0}) to trivial triple in S n -i(P). Furthermore, if (3 
represents an element in 7r n (?f , ao) such that A(/3) is homotopic to the trivial triple 
in S n -i(P), then this homotopy can be viewed, after deformation of the base space, 
as an en element of Y n (P) which maps to the homotopy class of f3 in ir n (^, ao). 

(hi) Exactness at S„_i(P): To see that the composition 7r„(^, ao) — > S n _i(P) — > 
T n _i(P) is trivial, observe that the triple A(/3) is homotopic to the trivial triple in 
Y n _i(P) precisely because the implicit section is restricted. On the other hand, if 
(a,/3, ft) is a triple in S n -i(P) which is homotopic to the trivial triple in Y n -i(P), 
then homotopy, after deformation of the base space, represents an element Tr n (G, ao) 
which maps to the homotopy class of (a, (3, ft). □ 

Definition 3.2. Let and <S be topological groupoids and let P be a principal <$- 
bundle over M' . The bundle P is a Serre hbration if for every triple (a, /?, ft), where 
a is a principal -bundle over I n , (3 is a principal ^-bundle over I n+1 and ft an 
isomorphism from a ® P to /3|/" X {o}: there is a triple (A, P, H) with A a principal 
J^-bundle over I n+1 , B a principal ^-bundle over I n+1 and H an isomorphism 
from A ® P to P of principal ^-bundles over 7" +1 , such that the triples (a, /?, ft) 
and (A|/ nx .(o},P,P|/™x{o}) are isomorphic. 

Remark 3.3. The notion of the isomorphism between triples (a, /3, ft), as above is 
obvious, similar to the one used in the definition of homotopy between the triples 
in S n (P) - the only difference is that here the topological groupoids and principal 
bundles are not assumed to be pointed. Clearly, the notion of a Serre hbration is a 
well defined property of a Morita map between topological groupoid, although its 
definition is essentially intrinsic in the Morita bicategory of topological groupoids. 
We see that the notion of Serre hbration in GPD is a generalization of the notion 
of Serre hbration in the category of topological spaces, as the above definition can 
be presented in the diagram 

I n — ^ JT 
p 

I n+1 Sf 

in the Morita bicategory of topological groupoids. Note that we obtain an equivalent 
definition of a Serre hbration if we replace J™ = I n x {0} with J" +1 , or by K n+1 = 
(I n x {!}) U (dl n x I) c I n+1 , etc. 
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Proposition 3.4. Let P be a principal ^-bundle over Jif and Q a principal Jf- 
bundle over Jjf . 

(i) If P is a Morita equivalence, then it is a Serre fibration. 

(ii) If P and Q are both Serre fibrations, then Q ® P is also a Serre fibration. 

Proof. It is straightforward to check both assertions. To check (i), one uses the fact 
that for if P is a Morita equivalence, then the inverse of P in the Morita category 
can be represented by the principal J^f-bundle P^ 1 over which equals P as 
the topological spaces, but has actions transposed. In this way, there are in fact 
natural isomorphisms P <8> P" 1 = Jt? and P _1 ® P = , which are to be used in 
the argument. □ 

Proposition 3.5. Let <f> : M' — > Sf be a functor between topological groupoids such 
that <f> : J#q — i> % is a Serre fibration and (</>, s) : Jtf{ —t^i x^ J4?q is a surjective 
Serre fibration. Then the associated principal -bundle (</>} over is a Serre 
fibration. 

Before we give the proof, let us first recall the notion of a ^-cocycle of a principal 
£f-bundle P over a space B. The bundle P has sections {o-i} ie A over an open 
covering {£/i}i 6 A of B. Denote gij{b) = ®{ai(b),aj(b)) for b 6 Ui PI Uj, where # is 
the translation function of the bundle P. Write /, = e o Ui : Ui — >• Note that 
s (9ij( b )) = fj( b ) = fi{b) for any b e U { Ci U r Furthermore, g u (b) = l /i(b) 

for b E Ui and gij{b)gjk{b) = gik{b) for b G Ui fl Uj tl U%. We say that a family 
of functions {fi,gij} satisfying the above conditions is a ^-cocycle on B. Any 
Sf-cocycle on B on the other hand determines a principal ^-bundle over B |16] . 

Proof of Proposition \3.5l The maps from Proposition 13.51 fit into the diagram: 



It follows that <f> : -> is a surjective Serre fibration, because the maps 
4> : J$?o — > % an d (</>, s) : — > Sfi x^ J^o are both surjective Serre fibrations. 

We have to check the Serre fibration property for the principal bundle (<fr). Let 
(a,fl,h) be a triple, where a is a principal ^-bundle over 7™, fl is a principal Sf- 
bundlc over I n+1 and ft- is an isomorphism from a <X> (cf>) to /8|/»x{0}- We represent 
both bundles a and fl with cocycles, by dissecting the cube I n into a family of small 
cubes. More precisely, we choose a large natural number N adn a small positive 
number e, take C, = (^- — e, + e) fl 7 for i — 1, . . . N and 

C/i = Cjui x Cp 2 x • • • x Cp n c 7" 

for any multi-index /i = (/xi, /i2, • • • , Mi, ^2, • ••)/•*« = 1, . . • iV. Then {C p } is 
a finite open cover of 7™. If we replace the intervals Cj in this construction with 
slightly smaller closed intervals D t = — |, + |] fl 7, we obtain a finite closed 
cover {T) M } of 7™. We do this analogously in the dimension n + 1, obtaining a 
finite open cover C', and a finite closed cover D' , of 7" +1 . For N large enough, 
we can represent a and /3 with cocycles {fp,hp V } and {7}^, gy„'} on open covers 
{C M } and {C >} respectively. We can restrict these cocycles to the closed covers 
{Dp} respectively {D'^,}, obtaining so called "closed" cocycles which equally well 
represent the principal bundles (we will use the same notation for this restrictions) . 
The principal bundle a <8> (0) is then given by the cocycle {4> o / M , </> o h^}. The 
isomorphism h from a <g) (0) to /3|/« x {o} i s i m terms of the cocycles, given by a 
family of functions r M : C p — > £fi . 
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Now we will lift the closed ^-cocycle {F^ ^g^^} to a ^f-cocycle along cf>. First 
observe that we can lift the functions r^ : — > <$\ along (j) to functions r M : 
— > because (<fi, s) : J%1 — >■ Sfi x^ J^q is a surjective Serre hbration. Since 
<f> : -> % is a Serre hbration, we can lift P(i,i,...,i) along <f> to Pn,i,...,i) : 
D/j 1 i) J% such that to?^^,,,^) = i^iji,...,!)^^ ! ir From the elements of 
the cocycle already lifted we calculate the initial lift of the element 9(1,1,. ,,,i)(i,2,...,i)j 
and because ((/>, s) : Jtf{ —> Sfi x^ Jf? Q is a Serre hbration we can lift the entire 
function 3(i,i,...,i)(i,2,...,i) to a function 5(i,i,...,i)(i,2,...,i) : D [i,i,...,i) n ^(i,2,...,i) 
J^i . Now the elements of the cocycle already lifted determine the initial lift of the 
functions P(i,2,...,i)j which can be lifted because <f> : J^o — > % is a Serre hbration. 
Proceeding in this way, we lift the entire Sf-cocycle {F^i , gy^'}, and obtain a closed 
^-cocycle. Restricting this cocycle to the interiors of their domains, we obtain an 
open -cocycle representing the desired principal '-bundle over I n+ . □ 

Let (P,po) be a principal 6o)-bundle over (^, ao). We see that the ^-action 
on P restricts to e (do). Therefore, we get the translation groupoid 

JT x e-^ao) = (Jf x^ e^ao) =4 e _1 (a )), 

which we call the fiber of P over ao. The groupoid Jff k e -1 (ao) is also pointed 
with po G e _1 (a ). 

Lemma 3.6. 7ei (X, cr) 6e principal (J^f 7 bo) -bundle over (I n ,dl n ) such that the 
principal (Sf , ao) -bundle (X eg) P, u ®po) over (7™,<97 n ) is trivial. Then there exists 
a right x e _1 (ao)- action on X such that (X, a) is a principal (jtf? x e _1 (ao),po) _ 
bundle over (I n ,dl n ). 

Proof. Since the (£f , ao)-bundle (X ® P, cr ® po) is a trivial, it has a global section 
5 that extends a <Ei po maps to ao via X <E) P — )• For any a; G X we have 
cr(7r(x)) = x<S>a(x) for an uniquely determined a(x) G e (do), this gives us a map 
a : X — > e _1 (a ). Note that a(a(b)) = po for any b G 57™. 

The right action of Jtf x e _1 (ao) on X along a is given by x{h,p) = xh for any 
x <E X and G x^ e _1 (ao) with a(x) = hp (note that, by applying n, 

that this equation implies e(x) — t(h)). One can check that (X, cr) is a principal 
(JS^ x e _1 (ao), po) _ bundle. Indeed, if x(h,p) — x(h',p'), then xh — xh' and hence 
h = hi , while a(x) = hp = h'p' implies p = p' . This means that the Jff x e _1 (ao)- 
action on X is free. To see that the action is transitive along the hbers of ir : X — >• 
7™, let x, x' G X with 7r(x) = 7r(x'). We can choose /i G M\ such that x/i = x', and 
derive x' = x(h, h~ 1 a(x)). □ 

Theorem 3.7. Let (P,po) a principal (Ji? , bo) -bundle over (£f,ao) such that P 
is a Serre fibration. Then there exist a natural long exact sequence 

.. . -> TT n (j? X E-^Oo)) 7T„(^) H P) 7T„(Sf) -> 7r„_i(JT x e- 1 fa)) -> .. . 

Proof. By Theorem 13. 11 it is sufficient to prove that the groups E„(P) are isomor- 
phic to the groups 7r„(^f x e~ 1 (a ),po). 

First, we dehne a map : E„(P) — ► 7r„(.Jf x e~ 1 (ao),po), as follows: for a 
triple (a,f3,h) G S n (P), we extend a to with a trivial (Jf?, &o)-bundle over 

(9/™ x /, dP l x 7) and extend the isomorphism h to K n+1 so that it becomes an 
isomorphism of bundles over (K n+1 ,dl n x 7). Then the Serre hbration property of 
P gives us a triple (A, B, 77), and we use Lemma I3~B1 on ^l/^xjo} to get a principal 
x e~ 1 (ao),_po)-bundle ip(a, (3, h) over (7™, dl n ). Using again the Serre hbration 
property of P, one can see that this map is well dehned on E„(P), i.e. depends 
only on the homotopy class of the triple. 
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To describe the inverse map V' _1 > let {QtP) t> e a principal (J>iC x e~ 1 {ao),po)- 
bundlc over (I n ,dl n ). Denote by pr : Jtf x e (ao) — > Jif the natural projection, 
which equals tt on objects, and write do — I n+1 x t~ 1 (ao) for the trivial (&,ao)- 
bundle over J n+1 . We set ip" 1 (Q, p) — (Q <g> (pr), a , t), where i : Q <8> (pr) <g) P -> 
o"o|i»+i is an isomorphism given by 

i(g<g>0,ft)<g>p') = (7r(g),0(p,ftp')). 

This gives us a map -1 : 7Tn(^ x e -1 (ao),po) — > S„(P). 

To check that ■0 ° "0 1 is the identity, observe that in the construction of the 
homotopy class ^p(ip~ 1 (Q, p)) one may take A to be the pullback of Q <g> (pr) along 
the projection I n x I — > I n , and it is then sufficient to note that there is an 
isomorphism of (Jf X e _1 (ao),po)-bundles between (pr) (viewed as a principal 
Jf? x e~ 1 (an). PnVbundle bv Lemma l3.6[) and Q, which maps q® (p, h) to q(h, h~ 1 p). 

Finally, we have to check that ip~ 1 oif; is the identity as well. Let (a, j3, h) € S n (P) 
and construct ip(a,/3,h) as above. It is sufficient to observe that the principal 
(Jtff, &o)-bundles ip(a,{3,h) (pr) and ^4|/™ x {o} are naturally isomorphic (the iso- 
morphisms maps a <g> (p, h) to ah). □ 

Example 3.8. Let <fi : (Jff, bo) — > (f£ , ao) be a functor between pointed topological 
groupoids such that the associated principal ^-bundle (</>) over J$? is a Serre fibra- 
tion. Then there exists a natural long exact sequence as in Theorem 13.71 in which 
the fiber J$? x e~ 1 (ao) of ((/>) equals the translation groupoid J$? x (Jfo x<g s _1 («o))- 

4. Serre groupoids 

In this section we introduce a special class of topological groupoids called Serre 
groupoids. We show that the calculation of homotopy groups of Serre groupoids is 
particularly simple. Examples will show that there are many topological groupoids 
that are Morita equivalent to Serre groupoids. 

Definition 4.1. A Serre groupoid is a topological groupoid £f for which the source 
map s : &i — >• % is a Serre fibration. 

Remark 4.2. If ^ is a Serre groupoid, then the target map t : Sfi — ► % is also a 
Serre fibration. 

Proposition 4.3. Let & be a Serre groupoid and P a principal ^-bundle over Jtf. 
Then the map tt : P — > J#o is a Serre fibration. 

Proof. The bundle tt : P — > J#o has local sections over an open covering {E/a}aga- 
For any A we have the pullback diagram 

P\ Ux 

tt\ Ux t 
Ux >%■ 

The map tt\u x is a Serre fibration, because it is a pullback of the Serre fibration t. 
Thus 7r : P — > ,3%o is a Serre fibration locally over an open covering of J^o > which 
yields that it is itself a Serre fibration. □ 

Proposition 4.4. Let <f> : — > Sf be a continuous functor between Serre groupoids 
which is a Serre fibration on objects. Then the principal bundle ((f>) associated to <f> 
is a Serre fibration. 
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Proof. Let a be a principal Jf? -bundle over I n , j3 a principal ^-bundle over I n x L 
and h : a® (</>} — > /3|/"x{o} an isomorphisms. Both bundles a and /3 have global 
sections, since their projections are Serre fibrations by Proposition ^. 31 This means 
that we can view a as the pullback along a map a' : I n — > P and /3 as a pullback 
along a map /?' : I n x I — y Furthermore, there exists a natural isomorphisms 
of functors (f>o ° a 1 ■ I n — > & and /3'|i"™x{o} — > given by a map w : I n — > STi. 
Since the target map Sfi -> % is a Serre fibration, we can extend the map w to 
W : I n+1 — > &i such that toW = /3'. Now f3" = s o W also represents the bundle 
f3, and <po o a' = /3"|-f"x{o}- Finally, since is a Serre fibration, we can extend a' 
to a map A : I n+1 -> Jf such that 4> o A = /3". □ 

Example 4.5. Let : iJ — ► G be a continuous homomorphism between topological 
groups. The topological groupoids (H =4 *) and (G =4 *) representing 7? and G are 
clearly Serre groupoids, and is a functor between these two groupoids which is a 
Serre fibration (and in fact the identity) on objects. By Proposition 14.41 it follows 
that the associated principal bundle (</>), the total space of which equals G, is a 
Serre fibration. Theorem 13 . 71 then gives us a long exact sequence 

. . . — > 7T„ (H K G) ""^ ri) TT n {H =4 *) 7T„(G =J *) -> 7T„_l(i? K G) -> . . . 

Proposition 4.6. Lei ^f 7 ararf Sf be Serre groupoids and P a principal ^-bundle 
over J4? such that the map e : P — > ^0 is a Serre fibration. Then P is a Serre 
fibration. 

Proof. Recall that the projection pr x : Jtf? kPx^ ^ Jf? is a weak equivalence ([13]) 
and that (pi^) <g> P = (pr 3 ) Proposition 14.41 implies that (pr 3 ) is a Serre fibration. 
Now it follows from Proposition 13.41 that P is a Serre fibration as well. □ 

Example 4.7. Let ^ be a Serre groupoid, acting on a space X . Then the associated 
translation groupoid is also a Serre groupoid. 

The next theorem gives a method for calculating the homotopy groups of a Serre 
groupoid. 

Theorem 4.8. Let (Sf , oq) be a pointed Serre groupoid. Then there is a natural 
long exact sequence 

. . . ->• 7r„(s _1 (ao), l ao ) "H* Tr n {%,ao) 7r„(Sf,a ) -> 7r n _i(s _1 (a ), l O0 ) ... 

Proof. We have the obvious functor from the space % to the groupoid Sfi. The 
principal ^-bundle over associated to this functor is identity on objects, hence 
it is a Serre fibration by Proposition 14.41 We can therefore apply Theorem 13. 71 □ 

We will now use our results to calculate homotopy groups of some topological 
groupoids. 

Example 4.9. (1) A unit groupoid X =4 X over topological space X is a Serre 
groupoid, with s~ 1 (xo) — {l Xo }- The long exact sequence of Theorem 14.81 gives us 
the already mentioned isomorphisms ir n (X =4 X) = w n (X). 

(2) Let Pair(A) be a pair groupoid over pointed space X. It is also a Serre 
groupoid, because the source map is simply a projection. In particular we have 
S - 1 (x )=X. 

(3) A topological group G is a topological groupoid (G =S *) with one object, 
and it is also a Serre groupoid. The long exact sequence in this case gives us the 
known result that 

jr n (G=»*)S7r n _i(G?)^7r B (flG0, 
where BG is a classifying space of group G. 
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(4) Let ^ be a Serre groupoid and (X, Xo) a pointed right Sf-space. Then the 
groupoid X x <S is a pointed Serre groupoid, and we get a long exact sequence 

... -> 7r n (s~ 1 (e(xo))) -> 7r n (X) -)• 7r n (X 7r„_i(s _1 (e(a;o))) ->• . . . 

In case 'S is also etale and X is connected, this sequence reduces to the short exact 
sequence 

-> 7ri(X) -»• tti(X xi Sf) -»• s-^e^o)) -> 

and isomorphisms 

7r„(X) ^7T„(X xSf) 

for ?i > 2. 

(5) Let X be a semilocally simply connected connected pointed topological space 
and let IIi(X) be the fundamental groupoid over X. One can check that LIi(X) is 
Serre groupoid. We have s~ 1 (xq) = X, the universal covering space over X. We 
get the long exact sequence 

...-»• n n (X) -> tt„(X) -> 7r n (n!(X)) -> 7T n _l(X) -> ... 

Because 7Ti(JC) = and 7T„(X) — > 7r„(X) are isomorphisms for n > 2, we have 

7T 1 (n 1 (X))= 7 r 1 (X) 

and the other homotopy groups are zero. We can get the same result in a different 
way as well, because Hi(X) is transitive groupoid, thus Morita equivalent to the 
groupoid (tti(X) *) representing the discrete group iri(X). 

(6) Let T be the standard foliation of the open Mobius band. The associated 
holonomy groupoid is weakly equivalent to the translation groupoid 1i ix (—1,1) 
[H p. 137], therefore 

7ri(Hol(M6b, J 7 )) =Z 2 

and the other homotopy groups are zero. 

(7) Let T be the Kronecker foliation of the torus T 2 . The associated holonomy 
groupoid is weakly equivalent to translation groupoid ZkS 1 12, p. 137], and we 
get a short exact sequence 

-> Z -> 7Ti(Hol(T 2 , J"))) -> Z -> 0. 

The other homotopy groups are zero. 

(8) Let (M, J 7 ) be a foliated manifold such that every leaf is compact with finite 
holonomy. Then by |12[ p. 141] the source map of the associated holonomy groupoid 
Hol(M, F) is a proper map and in fact a fiber bundle ([SJ p. 200]), thus a Serre 
fibration. So for any ao S L C M, where L is a leaf of the foliation J 7 , we get the 
long exact sequence 

... n n (L) -)• 7r n (M) -»• 7r n (Hol(M,;r)) -> 7T n _i(Z) 

where L is the holonomy covering space of L. 

(9) Let S? be the proper etale groupoid associated to an orbifold Q of dimension 
n. Then from Q21 p. 44] and [HI p. 143] it follows that Sf is Morita equivalent to 
the translation groupoid U(n) ix UF(Q) =$ UF(Q), where UF(Q) is the unitary 
frame bundle associated to the orbifold Q and U(n) the unitary group. This trans- 
lation groupoid is a Serre groupoid, so we get the associated long exact sequence 
of homotopy groups 

. . . -> n n (U(n)) -> 7r n (UF(Q)) -> 7r n (^) -> 7r n _i(D-(n)) -»•.... 
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5. RlEMANNIAN FOLIATIONS 

In this section we apply the theory that we have developed so far to the holonomy 
groupoid of transversely complete and, more generally, Riemannian foliations. For 
dehnition and properties of such foliations, see e.g. [HI Q3J [TS] . 

First let us recall the definition of a transverse principal bundle p. 98]. Let 
G be a Lie group, (M, F) a foliated manifold and 7r : E — > M a (smooth) principal 
G-bundle with a foliation T on the total space E such that 

(i) J 7 is preserved by the action of G, and 

(ii) the projection 7r : E — >• M maps each leaf L of J 7 onto a leaf L = ir(L) of 
T such that the restriction ir\j^ : L — > L is the holonomy covering of L. 

Then we say that (E,^) is a transverse principal G-bundle over (M, J 7 ). 

For such a transverse principal G-bundle (E, J 7 ) there is well defined natural 
projection functor 

Hol(_E, F) ->■ Hol(M, F). 
If 7 is a path inside a leaf L of T , then, given some initial lift of the starting 
point, there is a canonical lift 7 of 7 along 7r which lies inside a leaf of T . This 
lifting property is well defined on the holonomy classes of paths. Indeed, suppose 
that 7 : (S 1 , 1) — > (M, mo) is a loop in L through with trivial holonomy, choose 
no G 7r (mo) and write L for the leaf of J- with no G L. The canonical lift 7 of 7 
to L is then again a loop. We have to see that 7 has trivial holonomy. 

Since 7 has trivial holonomy, there exists a small transversal section T of (M, J 7 ) 
and a map 

r : S 1 x T -» (M, J") 
such that r|5i x { mo } = 7, r(S' 1 x {m}) lies in a leaf of T for any m E T and 
r({z} x T) is a transversal section of (M, J 7 ) for any z £ S 1 . We may choose T 
so small that there exists a submanifold T of E such that eo G T, 7r : T — > T is a 
diffcomorphism and the tangent space of E at any point e G T is a direct sum of 
the tangent space of T at e, the tangent space of the fiber of 7r through e and the 
tangent space of the leaf of J 7 through e. By applying the unique lifting property 
to the loops T(S 1 x {m}), we obtain a lift T of T along ir. Now define a map 
m : S 1 xT xG-> E by 

*(z,m,.g) = T(z,m)g. 
This implies that 7 = ^Isixfmolxfi} has trivial holonomy, because ^(S 1 x {m} x 
{<?} lies in a leaf of T for any m G T and any g E G, while ^({z} x 7 1 x G is a 
transversal section of (E, J 7 ). 

Proposition 5.1. Lei tt : (E, J 7 ) — >■ (Af, J 7 ) &e a transverse principal bundle over 
a foliated manifold {M, J 7 ). The projection functor Hol(E, J 7 ) — > Hol(AT, J 7 ) is a 
Serre fibration both on objects and on arrows, and the principal bundle associated 
to this functor is also a Serre fibration. 

Proof. The projection functor (j> : Hol(i?, J 7 ) — > Hol(M, J 7 ) equals the Serre fibration 
7r : E — > M on objects. The last part of the statement is a consequence of Propo- 
sition [331 as the map (<fi, s) : Ho\(E, F)i — > Hol(M, J 7 )! Xj/ i? is a Serre fibration 
because of the unique lifting property of holonomy classes of paths discussed above. 
Since the projection Hol(M, F)\ Xjvf E — > Hol(A/, J 7 )! is also a Serre fibration, it 
follows that 4> '■ Hol(E, J-)\ — > Hol(M, J-)\ is a Serre fibration as well. □ 

Theorem 5.2. The holonomy groupoid Hol(Af, J 7 ) of any transversely complete 
foliation (M, J-) is a Serre groupoid. 
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Proof. In fact, we will prove that the source map s : Hol(Af, F)\ — > M is locally 
trivial fibration. We know j!21 p. 90] that all the leaves of foliation (M , F) are 
diffcomorphic and have trivial holonomy. Let I be a leaf of T and xq S L. We can 
choose complete projectable vector fields Y\ , . . . , Y q on (M, T) such that the span 
of {Yi) XQ . . . , (Y q ) X[> is complementary to the tangent space of J- at xq. The flows 
of these vector fields combine to a map T : L x M. q — >• M, 

T(x,(t 1 ,...,t q )) = (e t ^o...oe t « Y «)(x), 

which has the property that any T t — T(-,t) is a diffeomorphism between L and 
another leaf of T . We can choose a small open ball B C W centered at and 
an open contractible neighbourhood U of x in L such that T\u^b is a smooth 
open embedding and in fact a foliation chart. Write W — T(U x B). Observe that 
T(L x B) is an open neighbourhood of L in M which equals the saturation of W. 
For any y € W denote by (x y ,t y ) for the element in U x B with T[x y , t y ) = y. 

We need to show that there exists a diffeomorphism cj> :W x s _1 (xo) — > s _1 (T / l /r ) 
over VK. To construct (j>, let y £ W and let 7 be a path in L starting at xq. Then 
T yt o 7 is a path inside the leaf through y, and we define cj>(y, 7) to be the holonomy 
class of the concatenation of T Vt o 7 with a path inside T(U x {j/t}) starting at y. 
The result, of course, depends only on the holonomy class of 7 and gives us a well 
defined smooth map 4>. 

To see that (j> is a diffeomorphism, note that _1 can be described in a similar 
way: For any path r representing an element in s~ 1 (W) starting at a point y G W , 
we have the path (T Vt )~ 1 or in L starting at a point in U. Then _1 (r) is given 
by the pair (y,j'), where 7' is the holonomy class of the concatenation of _1 (t) 
with a path in U starting at xq. □ 

Theorem 5.3. For any transversely complete foliation J- on a connected manifold 
M with leaf L we have a long exact sequence 

. . . -> 7T„(L) -»• 7T„(M) -)• 7T n (H0l(M, J")) -> 7T n _l (£) -> . . . 

Proof. This follows from Theorem 15.21 Theorem 14.81 and the fact that the source 
fibers of Hol(M, J 7 ) are diffeomorphic to L. □ 

Let J 7 be a Riemannian foliation of codimension q on compact connected mani- 
fold M . Then [T2HT5] the canonical lifted foliation T to the associated transverse or- 
thogonal frame bundle OF(M, J 7 ) is transversely parallelizable. Also we have a well 
defined functor $ : Rol(OF(M, J 7 ), F) Hol(Af, T) because {OF{M,T),T) -> 
(M, J-) is a transverse principal 0(g)-bundle. 

Theorem 5.4. Let J- be a Riemannian foliation on compact connected manifold M 
with base point tuq. Then the the holonomy groupoid Hol(Af, J-) is a Serre groupoid 
in we have a natural long exact sequence 

...-)• 7T„(L) -> 7r n (M) ^ 7r n (Hol(M, F)) 7r n _i(i) ... , 

where L is the holonomy cover of the leaf L of T through mo . 

Proof. In the commutative diagram 

Hol(OF(M, Hol(A/, F)i 

S S 

OF(M) > M, 

the left vertical map and both horizontal maps are Serre fibrations (Theorem 15.21 
and Proposition I5.1[) . From this, follows that the right s is also a Serre fibration 
and we get the associated long exact sequence. □ 
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We can now apply Proposition 15.11 to the case of Riemannian foliation (M, F) . 
We get the following theorem. 

Theorem 5.5. Let (JV/, F) be a Riemannian foliation of codimension q on a com- 
pact connected manifold M . Then we have a natural long exact sequence of homo- 
topy groups 

... -> 7r„(0(g)) -> 7r n (Hol(OF(M,.r),.F)) -► 7r n (Hol(M, JF)) -+ 7r«_i(0(g)) 

where (OF(M,F),F) is the associated lifted foliation on the the transverse orthog- 
onal frame bundle and 0(q) is the unitary group of order q viewed as a topological 
space. 

Proof. The long exact sequence is obtained by Theorem 13.71 and Proposition 15.11 
We only need to identify the fiber of the principal bundle associated to the functor 
YLo\{OF{M,F),F) Hol(M, F), which is 

Jf = Rol(OF(M, F) , F) k (OF(M,F) x M a' 1 (mo)), 

to be Morita equivalent to the topological space O(q). Here s~ 1 (mo) denotes the 
source fiber of the groupoid Hol(A/, F) over a chosen base point too of M. If 
we choose a base point eo in the fiber of the projection 7r : OF(M, F) — > M 
over to , we obtain a canonical embedding t : O(q) — > (OF(M,F) Xm s -1 (rao)), 
U M> (cqU, l mo ). Now one can easily check that the induced groupoid is 
Morita equivalent to J€ [13] and equal to the unit groupoid (0(q) =} 0(q)). □ 

6. Effect of an etale groupoid 

It is natural to represent an orbifold with a proper etale groupoid 11 . This 
groupoid may not be effective, and even if it is, it is often desirable to represent it 
as the effect of another, simpler etale groupoid. In this section, we study the con- 
nection between the homotopy groups of a proper etale groupoid and the homotopy 
groups of its associated effect groupoid. 

Let £f be an etale Lie groupoid. We have the functor Eff : — > EfF(Sf ) between 
etale groupoids Sf and Eff(^) [T2]. This functor is the identity on objects and 
surjective local diffeomorphism on arrows. If the groupoid & is proper, then Eff(^) 
is also proper and the map Eff : Sfi Eff(Sf)i is proper. Because both Sfi and 
Eff(^)i are Hausdorff manifolds, this implies that the map Eff : <$\ — > Eff(Sf)i is in 
fact a covering projection (see e.g. [7])- 

Proposition 6.1. Let & be a proper Stale Lie groupoid. Then the principal bundle 
associated to the functor Eff : S? — > Eff(Jf ) is a Serre fibration. 

Proof. We have already seen that Eff is a covering projection on arrows, while it is 
the identity on objects. The proposition now follows from Proposition ^. 51 □ 

For a proper etale Lie groupoid <S , let us denote by the group of ineffective 
arrows in the isotropy group of Sfi at a point oq s &o , namely all such arrows 
from do to ao such that Eff(g) = l 0o . 

Theorem 6.2. Let ,a§) be a pointed proper etale Lie groupoid. Then the Eff 
functor induces isomorphisms ir n (&, ao) = 7r ?l (Eff(^), ao), for n = 0, 3,4, 5, . . ., and 
there is an exact sequence 

7r 2 (Sf) 7r 2 (Eff(Sf)) Sf f ° 7ri(Sf) 7ri(Eflf(Sf)) 0. 

Proof. We have already seen that the principal bundle associated to the functor Eff 
is a Serre fibration, so there is the associated long exact sequence as in Theorem 
13.71 The fiber appearing in this exact sequence is the groupoid £f k a (ao), where 
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(j is the source map of the groupoid Eff(Sf). One can check that this groupoid is 
transitive and therefore weakly equivalent to a group, which in this case exactly 
the discrete group Sf° o . It follows that 7ri(^ Q ° o =t *) = Sf° o , while n n (@° =4 *) = 
for n tU. □ 

Example 6.3. Let (M, mo) be a pointed manifold and let T be a discrete group 
acting smoothly on M in such a way that the translation groupoid r k M is proper. 
This groupoid is a Serre groupoid, so its effect Eff(T k M) is also a Serre groupoid. 
Using Theorem 14.81 for both groupoids, we see that ^(T k M) = ^(M) and 
7T2(Eff(r ix M)) = 7T2(M); furthermore, the induced isomorphism ^(r k M) = 
7T2(Eff(r k M) is exactly ^(Eff). From Theorem 16. 21 we get isomorphisms 

7T„(r X ill) = 7T n (Eff(r K M)), 

for n^l, and a short exact sequence 

o -> r^ o — y 7Ti (r x m) -> 7n(Eff(r k a/)) o, 

where r^ o is the subgroup of T containing all the elements g € T which act on M 
by a diffeomorphism with trivial germ at tuq. 
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